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Maxwell boundary conditions imply non-Lindblad master equation
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1-3 Machikaneyama, Toyonaka, Osaka 560-8531, Japan
(Dated: September 5, 2018)
From the Hamiltonian connecting the inside and outside of an Fabry-Pérot cavity, which is derived
from the Maxwell boundary conditions at a mirror of the cavity, a master equation of a non-Lindblad
form is derived when the cavity embeds matters, although we can transform it to the Lindblad
form by performing the rotating-wave approximation to the connecting Hamiltonian. We calculate
absorption spectra by these Lindblad and non-Lindblad master equations and also by the Maxwell
boundary conditions in the framework of the classical electrodynamics, which we consider the most
reliable approach. We found that, compared to the Lindblad master equation, the absorption spectra
by the non-Lindblad one agree better with those by the Maxwell boundary conditions. Although the
discrepancy is highlighted only in the ultra-strong light-matter interaction regime with a relatively
large broadening, the master equation of the non-Lindblad form is preferable rather than of the
Lindblad one for pursuing the consistency with the classical electrodynamics.
PACS numbers: 03.65.Yz,42.50.Ct,71.36.+c,42.50.Pq
I. INTRODUCTION
Most of all realistic systems are not isolated, but
they are coupled with environments. This system-
environment coupling (SEC) is important for discussing
measurements, thermalization, dissipation, noise, etc. In
such open systems, we in principle require naive con-
sideration on the separation of systems of interest and
environments, mechanisms of the SECs, preparation of
environment, and so on [1, 2]. The quantum description
of the Brownian motion has long been discussed as an
important subject of this kind of study [3–9]. The so-
called Caldeira-Leggett master equation [3] is a quantum
counterpart of the Fokker-Planck equation of the Brow-
nian motion. However, this master equation is not of the
Lindblad form [10]. Then, the positivity of the density
operator is not guaranteed in general. Whereas we can
add extra terms to the Caldeira-Leggett master equation
for transforming it to the Lindblad form, the justifica-
tion of these extra terms is unclear in classical physics
[8, 9]. In this way, for the quantum description of open
systems, we sometimes face a trade-off between the math-
ematical requirement (positivity of density operator) and
the physical one (consistency with the physical laws).
In this paper, we will show another example for this
kind of discussion: a high-quality Fabry-Pérot cavity em-
bedding matters with a damping of excitations. Such a
system has long been discussed in the study of quan-
tum optics or so-called cavity quantum electrodynamics
(cavity QED) [7, 11], and master equations of the Lind-
blad form have been used in most cases. However, we
will show that, from the Hamiltonian of the SEC derived
for the Fabry-Pérot cavity [12], master equations of a
non-Lindblad form are obtained in general. For trans-
forming it to the Lindblad form, we need to apply the
∗ E-mail: bamba@qi.mp.es.osaka-u.ac.jp
rotating-wave approximation (RWA) to the SEC Hamil-
tonian, which has been widely used in the study of quan-
tum optics (but implicitly in most cases). The influence
of the RWA to the SEC was discussed also in the study
of the quantum Brownian motion [6], while it was not
used in the early study of the quantum description of
dissipation [1].
We will calculate absorption spectra of the cavity sys-
tem by the Lindblad and non-Lindblad master equations,
and they will be compared with the results calculated by
the Maxwell boundary conditions (MBCs) at a mirror
of the cavity in the framework of the classical electrody-
namics, which is considered as the most reliable method
(direct consequence by the physical law) in this paper.
Although the quantum theory should reproduce the re-
sults in the classical theory, we sometimes face an incon-
sistency caused by approximations used in the quantum
theory (RWA to SEC in our case). We will find that the
non-Lindblad master equation gives more consistent re-
sults with those by the MBCs. The discrepancy between
the results by the Lindblad master equation and by the
other two is highlighted in the ultra-strong light-matter
interaction regime [13] with a relatively rapid damping
of excitations in matters. The ultra-strong interaction
means that the interaction strength is comparable to or
larger than the transition frequency of matters, and it
has been realized experimentally in a variety of systems
[14–24]. While both the ultra-strong light-matter inter-
action and the rapid damping occur inside the cavity,
the non-Lindblad form concerning the cavity loss, which
is basically supposed much slower than them (good cav-
ity), will be discussed in this paper.
This paper is organized as follows. In Sec. II, we first
overview some Lindblad master equations derived in the
past for the cavity system and the non-Lindblad one to be
discussed in this paper. In Sec. III, quantum Langevin
equations that are basically equivalent to the Lindblad
and non-Lindblad master equations are shown. The ab-
2sorption spectra are in fact calculated by these quan-
tum Langevin equations for simplifying the calculation.
In Sec. IV, we show the models of the cavity and the
medium in the cavity. The Hamiltonians inside the cav-
ity and the SEC are also shown. In Sec. V, we explain
the calculation methods by the MBCs and the quantum
Langevin equations. Typical absorption spectra are also
shown in figures. Sec. VI is devoted to the comparison
of the three approaches. The violation of the positiv-
ity in the non-Lindblad master equation is numerically
checked in Sec. VII. The advantage of the non-Lindblad
master equation is summarized in Sec. VIII, and the con-
clusion is shown in Sec. IX. The detailed derivation of the
master and quantum Langevin equations are shown in
App. A. The master equations for frequency-dependent
loss rate are summarized in App. B. The detailed calcu-
lation method by the Lindblad-type quantum Langevin
equations is shown in App. C. The absorption spectra
calculated by the Lindblad-type treatment for the exci-
tation damping are discussed in App. D.
II. NON-LINDBLAD FORM TO BE DISCUSSED
In most studies of cavity QED [7, 11], the SEC has been
introduced simply as the injection and escape of photons
from cavities in the framework of master equation, quan-
tum Langevin equation, stochastic differential equation,
or Fokker-Planck equation. This simple treatment has
well reproduced a variety of experimental results. The
SEC Hamiltonian is typically expressed as
HˆphotonSEC =
∫ ∞
0
dω i~
√
κ
2π
[
fˆ †(ω)aˆ− aˆ†fˆ(ω)
]
. (1)
Here, κ is a frequency-independent loss rate. aˆ is the
annihilation operator of a photon in a cavity mode. fˆ(ω)
is the annihilation operator of a photon with a frequency
ω outside the cavity, and it satisfies [fˆ(ω), fˆ †(ω′)] = δ(ω−
ω′). The Hamiltonian of the environment is expressed as
Hˆsimpleenv =
∫ ∞
0
dω ~ωfˆ †(ω)fˆ(ω). (2)
For the vacuum environment 〈fˆ †(ω)fˆ(ω′)〉 = 0 (nearly at
zero temperature compared to the frequency scale of in-
terest) and in the Born-Markov approximation, the cav-
ity loss is described in the master equation as
∂
∂t
ρˆ = Lˆ0[ρˆ] + κ
2
([
aˆ, ρˆaˆ†
]
+
[
aˆρˆ, aˆ†
])
= Lˆ0[ρˆ] + κ
2
(
2aˆρˆaˆ† − aˆ†aˆρˆ− ρˆaˆ†aˆ) . (3)
Here, ρˆ is the density operator of system of interest (in-
side the cavity), and Lˆ0[ρˆ] represents
Lˆ0[ρˆ] = 1
i~
[
Hˆ0, ρˆ
]
+ Lˆothers[ρˆ], (4)
where Hˆ0 is the Hamiltonian of the system of interest
and Lˆothers[ρˆ] represents the dissipative terms originating
from couplings with the other environments.
While the master equation such as in Eq. (3) has a
simple form to be used very easily, it is in general not
appropriate for strongly coupled composite systems as
discussed in Refs. [25–29]. The system of our interest is
also such a composite system, i.e., photons and excita-
tions in matters. Instead of Eq. (3), the master equation
should be derived under specifying a (non-dimensional)
physical quantity Qˆ of the system of interest that medi-
ates the SEC. From the detail of the mechanism of SEC,
the SEC Hamiltonian is typically derived as [12]
HˆsimpleSEC =
∫ ∞
0
dω i~
√
κ
2π
Qˆ
[
fˆ †(ω)− fˆ(ω)
]
. (5)
Here, applying the RWA to this SEC Hamiltonian in the
basis of the eigen-states {|µ〉} of Hˆ0, we get
HˆsimpleSEC ≈
∫ ∞
0
dω i~
√
κ
2π
[
fˆ †(ω)Qˆ↓ − Qˆ↑fˆ(ω)
]
, (6)
where Qˆ↓ and Qˆ↑ are the lowering and raising compo-
nents of Qˆ, respectively, as
Qˆ↓ ≡
∑
µ
∑
ν>µ
Qˆµ,ν , (7a)
Qˆ↑ ≡
∑
µ
∑
ν>µ
{Qˆµ,ν}† = {Qˆ↓}†, (7b)
Qˆµ,ν ≡ |µ〉〈µ|Qˆ|ν〉〈ν| = {Qˆν,µ}†. (8)
Note that, in this paper, operators mediating SECs are
supposed to have no diagonal matrix element 〈µ|Qˆ|µ〉 = 0
in the basis of the eigen-states, whereas such a diagonal
element causes the pure dephasing in principle [11, 30].
From the approximated SEC Hamiltonian in Eq. (6), the
master equation is derived in the Born-Markov approxi-
mation as
∂
∂t
ρˆ = Lˆ0[ρˆ] + κ
2
([
Qˆ↓, ρˆQˆ↑
]
+
[
Qˆ↓ρˆ, Qˆ↑
])
= Lˆ0[ρˆ] + κ
2
(
2Qˆ↓ρˆQˆ↑ − Qˆ↑Qˆ↓ρˆ− ρˆQˆ↑Qˆ↓
)
. (9)
In contrast, if the interaction in the composite system
is weak enough compared with the loss rate κ (weak in-
teraction regime), the RWA to the SEC in the photon
basis can be justified, and the widely-used SEC Hamil-
tonian in Eq. (1) is derived by supposing Qˆ = aˆ + aˆ†
or Qˆ = i(aˆ − aˆ†). Then, the simple master equation in
Eq. (3) is derived in the Born-Markov approximation.
The master equation in Eq. (9) is not equivalent to
the simple one in Eq. (3) if the light-matter interaction
is in the ultra-strong regime [30]. For example, here we
tentatively suppose a simple Hamiltonian
Hˆsimple0 = ~ωcaˆ†aˆ+ ~g˘(aˆ+ aˆ†)σˆx + Hˆmat. (10)
3TABLE I. Validity of three types of master equations in Eqs. (3), (9), and (12). The first two equations are derived under the
RWA to the SEC Hamiltonian but with different bases, and they are of the Lindblad form. In contrast, Eq. (12) is derived
without the RWA, and it is of a non-Lindblad form. The validity of these master equations are summarized for the weak,
normally strong, and ultra-strong light-matter interaction regimes. They are valid basically for ω-independent loss rate κ. The
case of ω-dependent κ(ω) is discussed in App. B and summarized in Tab. II.
Light-matter interaction regime
RWA to SEC Weak Strong Ultra-strong
Eq. (3) Photon-based Lindblad Good Good Bad
Eq. (9) Eigen-state-based Lindblad Good Good ∗Good
Eq. (12) No Non-Lindblad Good Good Good
∗Good quantitatively for narrow enough broadening avoiding mode overlaps.
Here, ωc is the resonance frequency of a cavity mode.
Hˆmat is the Hamiltonian of matters inside the cavity, and
σˆx = σˆ + σˆ
† is a non-dimensional operator that annihi-
lates (σˆ) or creates (σˆ†) an excitation in matters. g˘ rep-
resents the strength of the light-matter interaction, and
the ultra-strong regime means g˘ & ωc, ωa, where ωa is
a characteristic transition frequency of the matter. Due
to the so-called counter-rotating terms aˆσˆ and aˆ†σˆ† in
Hˆsimple0 , the annihilation of a photon aˆ no longer corre-
sponds to the lowering operator for the system inside the
cavity (aˆ 6= Qˆ↓) [13]. Then, in the ultra-strong interac-
tion regime, we must use the master equation in Eq. (9)
[30]. If we use the simple master equation in Eq. (3)
for the Hamiltonian with the counter-rotating terms in
Eq. (10), the system inside the cavity is in general excited
even by the vacuum environment [31]. The degree of the
excitation can no longer be negligible in the ultra-strong
interaction regime.
In contrast, in the normally strong interaction regime
(κ ≪ g˘ ≪ ωc, ωa), we can apply the RWA to the light-
matter interaction, and the counter-rotating terms are
eliminated as
Hˆsimple0 ≈ ~ωcaˆ†aˆ+ ~g˘(σˆ†aˆ+ aˆ†σˆ) + Hˆmat. (11)
For this approximated Hamiltonian, the photon annihi-
lation corresponds to the lowering of the cavity system
(aˆ = Qˆ↓). Then, the master equation in Eq. (9) is in
fact reduced to the simple one in Eq. (3). In Tab. I, we
summarize the validity of the two master equations in
Eqs. (3) and (9).
Note that the simple master equation in Eq. (3) is valid
in the normally strong interaction regime only for the
ω-independent loss rate κ. If the loss rate κ(ω) rela-
tively varies in the frequency range of interest, we need
to use the extended version of the master equation in
Eq. (9) applicable to the ω-dependent κ(ω) (see the de-
tail in App. B). Such a master equation can no longer
be reduced to the simple one as in Eq. (3). Further,
the extended master equation is of a non-Lindblad form,
while both Eqs. (3) and (9) for ω-independent κ are of
the Lindblad form. In this way, when we consider the
ω-dependent loss rate κ(ω), we have faced the problem
of the Lindblad form (positivity of density operator) in
the study of cavity QED even in the weak and normally
strong interaction regimes. The detail is discussed in
App. B.
However, the non-Lindblad form caused by the ω-
dependent κ(ω) is not the target in this paper. We will
argue that the following non-Lindblad master equation
should be used even for the ω-independent κ:
∂
∂t
ρˆ = Lˆ0[ρˆ] + κ
2
([
Qˆ, ρˆQˆ↑
]
+
[
Qˆ↓ρˆ, Qˆ
])
. (12)
This is derived also in the Born-Markov approxima-
tion. But, in contrast to Eq. (9), this is derived di-
rectly from the SEC Hamiltonian in Eq. (5) without the
RWA performed in Eq. (6) (the detailed derivation is
shown in App. A). For discussing the necessity of this
non-Lindblad form in Eq. (12), we will basically sup-
pose ω-independent κ in the following sections. Whereas
the Lindblad master equation in Eq. (9) was recognized
to be applicable basically in the ultra-strong interaction
regime, we will show that the absorption spectra by it
in general deviate from those by the MBCs, which are
supposed to be the most reliable approach in this paper.
We get larger deviation for stronger light-matter interac-
tion and wider broadening (this is the reason of ∗Good
in Tab. I). We will show that the non-Lindblad master
equation in Eq. (12) gives more consistent results with
those by the MBCs than the Lindblad one in Eq. (9).
Note that, by extending the master equations in
Eqs. (9) and (12) for the environments at a non-zero tem-
perature T , we obtain the thermal state ρ = e−Hˆ0/kBT
as a steady state of such extended master equations of
both the Lindblad and non-Lindblad forms. The detail
is discussed in App. B.
Note also that we basically neglect the energy shift
(Lamb shift) due to the SEC both in the Lindblad and
non-Lindblad master equations. While the energy shift is
implicitly included in the calculation of absorption spec-
tra by the MBCs, it will not clearly appear in the broad
absorption peaks in our numerical calculations.
III. MASTER AND LANGEVIN EQUATIONS
Whereas we aim to discuss the validity of the Lindblad
and non-Lindblad master equations as shown in Eqs. (9)
4and (12), we will in fact calculate absorption spectra by
quantum Langevin equations corresponding to those two
master equations for pursuing simple and clear calcula-
tions. In this section, we preliminarily shows this corre-
spondence.
We will consider the SEC Hamiltonian expressed as
HˆcavSEC =
∫ ∞
0
dω
∑
j
i~
√
κj
2π
Qˆj
[
fˆ †c (ω)− fˆc(ω)
]
. (13)
Basically, all the modes indexed by j in a Fabry-Pérot
cavity are considered, and
Qˆj = aˆj + aˆ
†
j (14)
is a coordinate of the j-th mode. aˆj is the annihilation
operator of a photon, and κj is the loss rate of this mode.
All the cavity modes couple with the same environment
described by fˆc(ω), whose correlation is supposed as
〈fˆ †c (ω)fˆc(ω′)〉 = 0, (15a)
〈fˆc(ω)fˆ †c (ω′)〉 = δ(ω − ω′). (15b)
The Hamiltonian of the environment is expressed as
Hˆcavenv =
∫ ∞
0
dω ~ωfˆ †c (ω)fˆc(ω). (16)
Applying the RWA to Eq. (13), we get
Hˆcav-RWASEC =
∫ ∞
0
dω
∑
j
i~
√
κj
2π
[
fˆ †c (ω)Qˆ
↓
j − Qˆ↑j fˆc(ω)
]
,
(17)
where Qˆ↓j and Qˆ
↑
j are the lowering and raising compo-
nents of Qˆj , respectively, similarly defined as in Eqs. (7).
From Eqs. (13) and (17), the non-Lindblad and Lindblad
master equations are derived, respectively, as
∂
∂t
ρˆ = Lˆ0[ρˆ] +
∑
j,j′
√
κjκj′
2
([
Qˆj , ρˆQˆ
↑
j′
]
+
[
Qˆ↓j′ ρˆ, Qˆj
])
,
(18a)
∂
∂t
ρˆ = Lˆ0[ρˆ] +
∑
j,j′
√
κjκj′
2
([
Qˆ↓j , ρˆQˆ
↑
j′
]
+
[
Qˆ↓j′ ρˆ, Qˆ
↑
j
])
.
(18b)
The derivation of them are shown in App. A.
On the other hand, from Eqs. (13) and (17), quantum
Langevin equations for arbitrary system operator Sˆ are
derived (detail is shown also in App. A), respectively, as
∂
∂t
Sˆ(t) = Dˆ0[Sˆ]−
∫ ∞
0
dω


∑
j
[
Sˆ, Qˆj
]
e−iωt
√
κj
×

aˆin(ω) +∑
j′
√
κj′
2
Qˆj′ (ω)

+H.c.

 ,
(19a)
∂
∂t
Sˆ(t) = Dˆ0[Sˆ]−
∫ ∞
0
dω


∑
j
[
Sˆ, Qˆ↑j
]
e−iωt
√
κj
×

aˆin(ω) +∑
j′
√
κj′
2
Qˆ↓j′ (ω)

+H.c.

 ,
(19b)
where the first terms are represented as
Dˆ0[Sˆ] = 1
i~
[
Sˆ, Hˆ0
]
+ Dˆothers[Oˆ]. (20)
Dˆothers[Sˆ] includes the dissipation and noise terms by the
other environment. The Fourier transform of operators
in the Heisenberg picture is defined as
Qˆj(ω) =
1
2π
∫ ∞
−∞
dt eiωtQˆj(t). (21)
aˆin(ω) is the so-called input operator [7, 11, 32] satisfying
[aˆin(ω), aˆ
†
in(ω
′)] = δ(ω − ω′)/2π. (22)
From the SEC Hamiltonians in Eqs. (13) and (17), the
input-output relations are derived, respectively, as
aˆout(ω) = aˆin(ω) +
∑
j
√
κjQˆj(ω), (23a)
aˆout(ω) = aˆin(ω) +
∑
j
√
κjQˆ
↓
j(ω). (23b)
The quantum Langevin equation in Eq. (19a) corre-
sponds to the non-Lindblad master equation in Eq. (18a),
because they are derived from the same SEC Hamiltonian
in Eq. (13). On the other hand, Eq. (19b) corresponds
to the Lindblad one in Eq. (18b), which are derived from
Eq. (17). For checking the correspondence, let us derive
equations of motion of expectation values. The equations
of motion of 〈Sˆ(t)〉 are derived from the master equations
5in Eqs. (18a) and Eq. (18b), respectively, as
∂
∂t
〈Sˆ(t)〉 = 1
i~
〈[Sˆ, Hˆ0]〉+ . . .
−
∑
j,j′
√
κjκj′
2
{
〈[Sˆ, Qˆj ]Qˆ↓j′(t)〉+ c.c.
}
,
(24a)
∂
∂t
〈Sˆ(t)〉 = 1
i~
〈[Sˆ, Hˆ0]〉+ . . .
−
∑
j,j′
√
κjκj′
2
{
〈[Sˆ, Qˆ↑j ]Qˆ↓j′(t)〉+ c.c.
}
.
(24b)
On the other hand, from the quantum Langevin equa-
tions in Eq. (19a) and Eq. (19b), respectively, we get
∂
∂t
〈Sˆ(t)〉 = 1
i~
〈[Sˆ, Hˆ0]〉+ . . .−
∑
j,j′
√
κjκj′
2
×
∫ ∞
0
dω
{
e−iωt〈[Sˆ, Qˆj]Qˆj′(ω)〉+ c.c.
}
,
(25a)
∂
∂t
〈Sˆ(t)〉 = 1
i~
〈[Sˆ, Hˆ0]〉+ . . .−
∑
j,j′
√
κjκj′
2
×
∫ ∞
0
dω
{
e−iωt〈[Sˆ, Qˆ↑j ]Qˆ↓j′(ω)〉+ c.c.
}
.
(25b)
In the absence of the SEC, the lowering component cor-
responds exactly to the positive-frequency component as
Qˆ↓j (t) =
∫ ∞
0
dω e−iωtQˆj(ω), (26)
Qˆ↓j(ω) ≡
1
2π
∫ ∞
−∞
dt eiωtQˆ↓j (t) = Qˆj(ω) for ω > 0.
(27)
Even in the presence of the SEC, this equivalence is ap-
proximately guaranteed, if the line broadening does not
elongate around ω = 0. We basically suppose such a
situation in the main text of this paper, and the dissi-
pative terms approximately equal between Eq. (24a) and
Eq. (25a) and between Eq. (24b) and Eq. (25b). In fact,
what is more important is the commutators: [Sˆ, Qˆj] for
the non-Lindblad form and [Sˆ, Qˆ↑j ] for the Lindblad form.
In this way, the quantum Langevin equations in Eq. (19a)
and (19b) correspond to the non-Lindblad master equa-
tion in Eq. (18a) and the Lindblad one in Eq. (18b), re-
spectively. We will calculate absorption spectra by these
quantum Langevin equations.
IV. MODEL AND HAMILTONIAN
In order to evaluate the validity of the Lindblad
and non-Lindblad master equations shown in the previ-
FIG. 1. The Fabry-Pérot cavity considered in this paper.
A perfect and imperfect mirrors are placed at z = ℓ and 0,
respectively. The inside of the cavity is filled by a medium
with a dielectric function εp(ω).
ous sections, we consider a Fabry-Pérot cavity embed-
ding a dispersive and absorptive medium depicted in
Fig. 1. We will compare absorption spectra calculated
by these master equations (quantum Langevin equations
exactly speaking) and by the MBCs, which are shown in
Sec. IVA. Perfect and imperfect mirrors are placed at
z = ℓ and 0, respectively. Supposing the spatially depen-
dent dielectric function ε(z, ω) of this cavity structure, we
derive a SEC Hamiltonian connecting inside and outside
the cavity in Sec. IVB. The Hamiltonian describing the
cavity modes and the dispersive and absorptive medium
is shown in Sec. IVD. From these Hamiltonians, we will
calculate absorption spectra by the Lindblad- and non-
Lindblad-type quantum Langevin equations in Sec. VI.
On the other hand, in Sec. IVC, from the Hamiltonian
inside the cavity, we calculate a dielectric function εp(ω)
(dispersion relation) of the electromagnetic wave in the
medium. From this dielectric function and that of the
mirrors, we will also calculate absorption spectra by the
MBCs in Secs. V and VI. We will compare these three
absorption spectra for evaluating the validity of the Lind-
blad and non-Lindblad master equations in Sec. VI. In
the following sub-sections, we explain the model of the
cavity system and the Hamiltonian describing it.
A. Maxwell boundary conditions
In the same manner as in Refs. [12, 33, 34], we describe
the imperfect mirror by the Kronecker’s delta function
with a coefficient η(ω), and the dielectric function of the
system is expressed as
ε(z, ω) = η(ω)δ(z) +


0 z < 0
εp(ω) 0 < z < ℓ
∞ ℓ < z
(28)
The Maxwell boundary conditions at z = 0 are derived
for the electric field E(z, ω) and the magnetic oneH(z, ω)
6as [12, 34]
E(0−, ω) = E(0+, ω), (29a)
H(0−, ω)−H(0+, ω) = −iωε0η(ω)E(0, ω). (29b)
These are independent of the detail of εp(ω), i.e., the
detail inside the cavity. Further, at z = ℓ, the electric
field satisfies
E(ℓ, ω) = 0. (30)
The electric and magnetic fields are expressed by the vec-
tor potential A(z, ω) as
E(z, ω) = iωA(z, ω), (31a)
H(z, ω) =
1
µ0
∂
∂z
A(z, ω) =
1
iωµ0
∂
∂z
E(z, ω). (31b)
B. Hamiltonian of system-environment coupling
From the above Maxwell boundary conditions, in
Ref. [12], we derived the Hamiltonian connecting inside
and outside the cavity, which is independent of the de-
tail inside the cavity but is valid only for good cavities.
In the absence of the SEC (in the case of perfect cav-
ity) and of the light-matter interaction, the Hamiltonian
of the electromagnetic fields inside the cavity is simply
expressed as
Hˆcav =
∑
j
~ckj aˆ
†
j aˆj , (32)
where aˆj annihilates a photon in the j-th mode satisfying
[aˆj , aˆ
†
j′ ] = δj,j′ and
kj =
jπ
ℓ
, j = 1, 2, 3, . . . (33)
is the confinement wavenumber. The operators of the
vector potential and magnetic field inside the cavity are
expressed as
Aˆ(z) =
∑
j
√
~
ε0ckjℓ
sin(kjz)
(
aˆj + aˆ
†
j
)
, (34a)
Hˆ(z) =
∑
j
kj
µ0
√
~
ε0ckjℓ
cos(kjz)
(
aˆj + aˆ
†
j
)
. (34b)
Introducing a non-dimensional quantity
Λ(ω) = η(ω)ω/c (35)
(Λ ≫ 1 corresponds to good cavity), the SEC Hamil-
tonian is described by the magnetic field Hˆ(0+) at the
imperfect mirror z = 0 as [12]
HˆcavSEC =
∫ ∞
0
dω i~
√
µ0c
π~ωΛ(ω)2
[
fˆ †c (ω)− fˆc(ω)
]
Hˆ(0+)
=
∑
j
∫ ∞
0
dω i~
√
κj(ω)
2π
[
fˆ †c (ω)− fˆc(ω)
] (
aˆj + aˆ
†
j
)
,
(36)
where the loss rate κj(ω) for empty cavity is expressed
as
κj(ω) =
2c2kj
ωℓΛ(ω)2
. (37)
From the MBCs in Eqs. (29), the reflectance of the im-
perfect mirror is obtained as
Rmirror(ω) =
1
1 + 4/Λ(ω)2
. (38)
Since the round trip time of light inside the cavity is 2ℓ/c,
the loss rate κj (decay rate of light intensity) of the j-th
mode is estimated as
Kj =
1− Rmirror(ωj)
2ℓ/c
=
c
2ℓ
1
1 + Λ(ωj)2/4
. (39)
In the good cavity limit Λ(ω)≫ 1, κj(ωj) in Eq. (37) is
certainly equal to Kj .
Since we will consider basically the ω-independent κ,
we suppose η(ω) ∝ ω−3/2 and
Λ(ω) = Λ0
√
ωa
ω
. (40)
Here, Λ0 is independent of ω, and we will basically sup-
pose Λ0 = 10
3 ≫ 1 in the numerical calculation.
C. Dielectric function of medium
As the model of the dispersive and absorptive medium
inside the cavity, we consider a bosonic excitation with a
transition frequency ωa, transition dipole moment d, den-
sity D of excitonic sites, and infinite translational mass
of excitation. Here, we first consider a spatially infinite
medium, and derive its dielectric function εp(ω). As dis-
cussed, for example, in Refs. [35, 36], when we restrict the
light propagation in the z direction, the Hamiltonian of
such a medium can be described in the velocity or length
form (sometimes called the Coulomb and electric dipole
gauges while both are in the Coulomb gauge in the sense
of ∇ ·A = 0) equivalently as
Hˆv∞/~ =
∑
k
[
c|k|aˆ†kaˆk + ωabˆ†kbˆk + g¯kQˆkYˆ−k
+(g¯k
2/ωa)QˆkQˆ−k
]
, (41a)
Hˆr∞/~ =
∑
k
[
c|k|aˆ†kaˆk + ωabˆ†kbˆk − g˜kΠˆkXˆ−k
+(g˜k
2/c|k|)XˆkXˆ−k
]
. (41b)
Here, aˆk and bˆk are annihilation operators of a photon
and a bosonic excitation with a wavenumber k. They
7satisfy [aˆk, aˆ
†
k′ ] = [bˆk, bˆ
†
k′ ] = δk,k′ , and the other combi-
nations are commutable. The capital operators are Her-
mitian and defined as
Qˆk = aˆk + aˆ
†
−k, (42a)
Πˆk = i
(
aˆk − aˆ†−k
)
, (42b)
Xˆk = bˆk + bˆ
†
−k, (42c)
Yˆk = i
(
bˆk − bˆ†−k
)
. (42d)
They satisfy [Qˆk, Πˆk′ ] = [Xˆk, Yˆk′ ] = −i2δk,k′ , and the
other combinations are commutable. The light-matter
interaction strengths are expressed for a non-dimensional
strength g as
g¯k = gωa
√
ωa
c|k| , g˜k = gc|k|
√
ωa
c|k| , g =
√
D|d|2
2ε0~ωa
.
(43)
The ultra-strong interaction means g & 1 in this paper.
Using an unitary operator
Uˆ = exp
[
−ig
∑
k
√
ωa
c|k| QˆkXˆ−k
]
, (44)
the two Hamiltonians in Eqs. (41) are transformed to
each other as [35, 36]
UˆHˆv∞Uˆ † = Hˆr∞. (45)
Since we will calculate the absorption (reflection) spec-
tra of the cavity system for evaluating the validity of the
Lindblad and non-Lindblad master equations, we con-
sider also a damping of excitations in matters. Other-
wise, the absorption is never observed. For keeping the
equivalence between the velocity and length forms, we
consider that the damping is mediated by {Xˆk}, which
is commutable with the unitary operator Uˆ in Eq. (44).
The environment for the damping is introduced for each
excitation mode independently, and the Hamiltonian of
the environment and the SEC for the damping is de-
scribed as
Hˆdamp∞ =
∑
k
∫ ∞
0
dω
{
~ωfˆ †k(ω)fˆk(ω)
+i~
√
γ
2π
[
fˆ †k(ω)− fˆk(ω)
]
Xˆk
}
. (46)
Here, fˆk(ω) is the annihilation operator of a boson in the
environment for mode k, and it satisfies [fˆk(ω), fˆ
†
k′(ω
′)] =
δk,k′δ(ω − ω′) and 〈fˆ †k(ω)fˆk′(ω′)〉 = 0. We suppose that
the damping rate γ is ω-independent for discussing the
non-Lindblad form focused in this paper. For deriving
the dielectric function εp(ω) of this damping medium
(dispersive and absorptive medium), in the same man-
ner as in Eq. (19a), we consider the following quantum
Langevin equation corresponding to the non-Lindblad
master equation:
∂
∂t
Sˆ =
1
i~
[
Sˆ, Hˆ0
]
−
∑
k
∫ ∞
0
dω
{[
Sˆ, Xˆk
]
e−iωt
×
[γ
2
Xˆk(ω) +
√
γbˆink (ω)
]
+H.c.
}
, (47)
where bˆink is the input operator due to the damping. The
discussion for Lindblad-type damping is performed in
App. D. Since there is no loss of photons in the infinite
medium, the quantum Langevin equations are derived in
the velocity form as
−iωQˆk(ω) = −c|k|Πˆk(ω), (48a)
−iωΠˆk(ω) = (c|k|+ 4g¯k2/ωa)Qˆk(ω) + 2g¯kYˆk(ω), (48b)
−iωXˆk(ω) = −ωaYˆk(ω)− 2g¯kQˆk(ω), (48c)
−iωYˆk(ω) = (ωa − iγ)Xˆk(ω)− i2√γbˆink (ω). (48d)
On the other hand, in the length form, we get
−iωQˆk(ω) = −c|k|Πˆk(ω) + 2g˜kXˆk(ω), (49a)
−iωΠˆk(ω) = c|k|Qˆk(ω), (49b)
−iωXˆk(ω) = −ωaYˆk(ω), (49c)
−iωYˆk(ω) = (ωa − iγ)Xˆk(ω)− i2√γbˆink (ω)
− 2g˜k
[
Πˆk(ω)− (2g˜k/c|k|)Xˆk(ω)
]
. (49d)
In both forms, the four equations are reduced to
[
c2k2 − εp(ω)ω2
]
Qˆk(ω) =
4ωg
√
ωa3c|k|
ωa2 − iγωa − ω2
√
γbˆink (ω),
(50)
where the dielectric function (dispersion relation) of the
medium is obtained as
c2k2
ω2
= εp(ω) = 1 +
4g2ωa
2
ωa2 − iγωa − ω2 . (51)
From this dielectric function εp(ω), the spatial depen-
dence of ε(z, ω) in Eq. (28), and by the MBCs, we can
calculate the absorption and reflection spectra of the cav-
ity embedding the dispersive and absorptive medium.
D. Hamiltonian inside the cavity
Whereas the spatially infinite system is considered for
deriving the dielectric function εp(ω) of the medium in
the previous sub-section, here we show the Hamiltonian
inside the cavity. Since the bosonic excitations have an
infinite mass, we have a freedom of choosing the ba-
sis for describing the eigen-modes of them. We expand
the excitations by the same wavefunctions as the pho-
ton modes in perfect cavity, i.e., characterized by the
confinement wavenumber kj in Eq. (33), while the tran-
sition frequency is ωa for all the excitation modes. In the
8similar manner as the Hamiltonian Hˆcav for the empty
cavity in Eq. (32), the Hamiltonian inside the filled cavity
is described as
Hˆv0
~
=
∑
j
[
ckj aˆ
†
j aˆj + ωabˆ
†
j bˆj + g¯jQˆj Yˆj +
g¯j
2
ωa
QˆjQˆj
]
,
(52a)
Hˆr0
~
=
∑
j
[
ckj aˆ
†
j aˆj + ωabˆ
†
j bˆj − g˜jΠˆjXˆj +
g˜j
2
ckj
XˆjXˆj
]
.
(52b)
The former and latter Hamiltonians are in the velocity
and length forms, respectively. bˆj is the annihilation op-
erator of an excitation with kj . The capital operators
are defined as similar as in Eqs. (42). The light-matter
interaction strengths g¯ and g˜ are expressed by the non-
dimensional strength g defined in Eq. (43) as
g¯j = gωa
√
ωa
ckj
, g˜j = gckj
√
ωa
ckj
. (53)
In the similar manner as in the previous sub-section, the
SEC Hamiltonian for the excitation damping is supposed
as
HˆdampSEC-env =
∑
j
∫ ∞
0
dω
{
~ωfˆ †j (ω)fˆj(ω)
+i~
√
γ
2π
[
fˆ †j (ω)− fˆj(ω)
]
Xˆj
}
. (54)
In the numerical calculation of the absorption spectra
by the Lindblad-type quantum Langevin equation, we
need the lowering and raising components of the opera-
tors Qˆj, Xˆj , . . . Since the system of interest in this pa-
per has no anharmonicity, we can easily diagonalize the
Hamiltonian Hˆv/r0 in Eqs. (52) by the Bogoliubov trans-
formation [13, 37]. Since the confinement wavenumber
kj is a good quantum number, the system can be diag-
onalized for each kj by the polariton operator expressed
as
pˆj,ζ = wj,ζ aˆj + xj,ζ bˆj + yj,ζ aˆ
†
j + zj,ζ bˆ
†
j. (55)
For each kj , there are lower mode (ζ = L) and upper one
(ζ = U). The coefficients {wj,ζ , xj,ζ , yj,ζ , zj,ζ} and the
eigen-frequencies {ωj,ζ} are determined for satisfying[
pˆj,ζ , Hˆv/r0
]
= ~ωj,ζ pˆj,ζ (56)
and the normalization condition[
pˆj,ζ , pˆ
†
j′,ζ′
]
= δj,j′δζ,ζ′ . (57)
For the velocity form, the detailed analytical expressions
are shown in Ref. [34, 37]. For the velocity and length
forms, we get the same eigen-frequencies {ωj,ζ}, while
the coefficients {wj,ζ , xj,ζ , yj,ζ , zj,ζ} are different. In the
calculations in this paper, we checked numerically that
the two forms certainly give the same results. Since the
annihilation operators are expressed as
aˆj =
∑
ζ=L,U
(
w∗j,ζ pˆj,ζ − yj,ζ pˆ†j,ζ
)
, (58a)
bˆj =
∑
ζ=L,U
(
x∗j,ζ pˆj,ζ − zj,ζ pˆ†j,ζ
)
, (58b)
the lowering components of the Hermitian operators are
represented such as
Qˆ↓j =
∑
ζ=L,U
(w∗j,ζ − y∗j,ζ)pˆj,ζ , (59a)
Xˆ↓j =
∑
ζ=L,U
(x∗j,ζ − z∗j,ζ)pˆj,ζ . (59b)
V. CALCULATIONS BY THREE APPROACHES
In order to evaluate the validity of the Lindblad and
non-Lindblad master equations, we compare the absorp-
tion spectra calculated by them (exactly speaking, by
corresponding quantum Langevin equations) and that by
the MBCs along the classical electrodynamics. The com-
parison and discussion will be performed in Sec. VI. In
this section, we show the calculation methods of the three
approaches: by the MBCs in Sec. VA, non-Lindblad-type
equation in Sec. VB, and Lindblad-type one in Sec. VC.
A. Absorption by Maxwell boundary conditions
From the spatially dependent dielectric function ε(z, ω)
in Eq. (28) and εp(ω) of the medium in Eq. (51), we
can calculate the reflection and absorption spectra of the
cavity system. The electric field in the whole system is
expressed as
E(z, ω) =
{
E0(ω)e
i(ω/c)z + Er(ω)e
−i(ω/c)z z < 0
E1(ω) sin[kp(ω)(ℓ− z)] 0 < z < ℓ
(60)
Here, E0(ω), Er(ω), and E1(ω) are the electric field of
the incident wave, of reflected wave, and inside the cavity,
respectively. This expression satisfies the MBC at z = ℓ
as E(ℓ, ω) = 0. The complex wavenumber kp(ω) inside
the cavity is defined with the refractive index np(ω) =√
εp(ω) as
kp(ω) = np(ω)ω/c. (61)
From the MBCs at z = 0 in Eqs. (29), we get
E0(ω) + Er(ω) = E1(ω) sin[kp(ω)ℓ], (62a)
E0(ω)− Er(ω) = i{np(ω) cos[kp(ω)ℓ]
− Λ(ω) sin[kp(ω)ℓ]}E1(ω). (62b)
9Then, the reflection coefficient r(ω) = Er(ω)/E0(ω) is
obtained as
r(ω) =
[1 + iΛ(ω)] sin[kp(ω)ℓ]− inp(ω) cos[kp(ω)ℓ]
[1− iΛ(ω)] sin[kp(ω)ℓ] + inp(ω) cos[kp(ω)ℓ] .
(63)
The reflectance and absorption are calculated as R(ω) =
|r(ω)|2 and 1−R(ω), respectively.
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FIG. 2. Absorption 1 − R(ω) calculated by the MBCs is
plotted as a function of ω/ωa. The light-matter interaction
strength is changed as g = 0.01, 0.1, 0.2, . . . , 1.0. Parameters:
ℓ = πc/ωa, γ = 0.1ωa, and Λ0 = 10
3.
In Fig. 2, we plot the absorption spectra 1 − R(ω)
calculated by the MBCs with changing the light-matter
interaction strength g = 0.01, 0.1, 0.2, . . . , 1.0. The
cavity length is supposed as a half of the light wave-
length at ωa in vacuum: ℓ = πc/ωa. Then, the res-
onance frequency of the lowest cavity mode (j = 1)
is ck1 = ωa. We supposed that the damping rate is
γ = 0.1ωa and the cavity loss is Λ0 = 10
3, which cor-
responds to κj = j × 6.366× 10−7ωa for the j-th cavity
mode, and the quality factor is Q = ckj/κj = 1.571×106
for the empty cavity. We basically suppose such a good
cavity, because the SEC Hamiltonian in Eq. (36) is valid
only for good cavities. For bad cavities, while the ab-
sorption spectra can be calculated by the MBCs for given
η(ω) or Λ(ω), the master and quantum Langevin equa-
tions cannot well reproduce them due to the invalidity of
the SEC Hamiltonian.
Since the damping rate is γ = 0.1ωa, g = 0.01 corre-
sponds to the weak interaction regime, and the absorp-
tion peaks are found at ω = ckj on the uppermost spec-
trum in Fig. 2. For larger g, we can find the peak splitting
of the lowest (first) cavity mode and the excitations as
the lower and upper polariton modes. In the ultra-strong
interaction regime g ∼ 1, the center of these two peaks
is shifted to the higher frequency side, and the lower po-
lariton frequency never becomes a negative or imaginary
value. Further, the peaks of the second (third) lower po-
lariton mode with k2 (k3) gradually appears, because the
photonic component of these lower polariton modes are
increased (excited more efficiently) by the increase in g.
For the present parameters, the lower polariton modes
with j > 3 appears as a broad and asymmetric peak
around ω ∼ ωa.
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FIG. 3. Absorption 1−R(ω) calculated by the MBCs is plot-
ted as a function of ω/ωa. The damping rate γ is changed
from 0.1ωa to 0.5ωa. Parameters: ℓ = πc/ωa, g = 1, and
Λ0 = 10
3.
In Fig. 3, we fixed the light-matter interaction strength
as g = 1, but the damping rate γ is changed from 0.1ωa to
0.5ωa. Increasing γ, the absorption peaks become broad-
ened. For γ = 0.5ωa, we cannot clearly find the second
and the third lower polariton modes.
In the following discussion, we will use the undermost
absorption spectrum in Fig. 3 as a standard reference for
evaluating the validity of the Lindblad and non-Lindblad
master equations. This is because the discrepancy be-
tween them are highlighted for large g and γ as will be
found in Sec. VI.
B. Absorption by non-Lindblad-type equations
For the total Hamiltonian Hˆ = Hˆ0 + HˆcavSEC + Hˆcavenv +
HˆdampSEC-env, the quantum Langevin equation corresponding
to the non-Lindblad master equation is obtained as
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∂
∂t
Sˆ =
1
i~
[
Sˆ, Hˆ0
]
−
∑
j
∫ ∞
0
dω
{[
Sˆ, Xˆj
]
e−iωt
[γ
2
Xˆj(ω) +
√
γbˆinj (ω)
]
+H.c.
}
−
∫ ∞
0
dω


∑
j
[
Sˆ, Qˆj
]
e−iωt
√
κj

aˆin(ω) +∑
j′
√
κj′
2
Qˆj′(ω)

+H.c.

 . (64)
The equations of motion of the positive-frequency com-
ponents of four Hermitian operators are obtained in the
velocity form as (ω > 0)
−iωQˆj(ω) = −ckjΠˆj(ω), (65a)
−iωΠˆj(ω) = (ckj + 4g¯j2/ωa)Qˆj(ω) + 2g¯jYˆj(ω)
−
∑
j′
i
√
κjκj′Qˆj′(ω)− i2√κjaˆin(ω),
(65b)
−iωXˆj(ω) = −ωaYˆj(ω)− 2g¯jQˆj(ω), (65c)
−iωYˆj(ω) = (ωa − iγ)Xˆj(ω)− i2√γbˆinj (ω). (65d)
The wavenumber kj is no longer a good quantum number
due to the coupling between inside and outside the cavity.
This equation set can be solved numerically, and we can
get the expression of Qˆj(ω) such as
Qˆj(ω) = αj(ω)aˆin(ω) +
∑
j′
βj,j′ (ω)bˆ
in
j′ (ω), (66)
where the coefficients αj(ω) and βj,j′ (ω) are determined
numerically. Since the input-output relation is written
as in Eq. (23a), the output operator is represented as
aˆout(ω) = r(ω)aˆin(ω) +
∑
j,j′
√
κjβj,j′(ω)bˆ
in
j′ (ω), (67)
where the reflection coefficient is expressed as
r(ω) = 1 +
∑
j
√
κjαj(ω). (68)
The reflection is calculated as Rnon-Lindblad(ω) = |r(ω)|2,
and the absorption is 1 − Rnon-Lindblad(ω). We checked
numerically that the same results are obtained even in
the length form.
C. Absorption by Lindblad-type equations
The total Hamiltonian is written as Hˆ = Hˆ0 +
Hˆcav-RWASEC + Hˆcavenv + HˆdampSEC-env. In the quantum Langevin
equation, the cavity loss is introduced corresponding
to the Lindblad master equation, while the damping
is treated in the non-Lindblad form. The quantum
Langevin equation is expressed in this case (under the
RWA to the cavity loss) as
∂
∂t
Sˆ =
1
i~
[
Sˆ, Hˆ0
]
−
∑
j
∫ ∞
0
dω
{[
Sˆ, Xˆj
]
e−iωt
[γ
2
Xˆj(ω) +
√
γbˆinj (ω)
]
+ H.c.
}
−
∫ ∞
0
dω


∑
j
[
Sˆ, Qˆ↑j
]
e−iωt
√
κj

aˆin(ω) +∑
j′
√
κj′
2
Qˆ↓j′(ω)

+H.c.

 . (69)
The commutator [Sˆ, Qˆ↑j ] is calculated by rewriting Sˆ with
the polariton operators {pˆj,ζ, pˆ†j,ζ} and by rewriting Qˆ↑j
with {pˆ†j,ζ} as in Eqs. (59). We calculated the absorption
spectra in the similar manner as in the previous sub-
section, while the detailed equations are shown in App. C.
In this calculation, we replaced the Fourier trans-
form of the lowering component Qˆ↓j′(ω) by the positive-
frequency component Qˆj′(ω) for ω > 0. We checked nu-
merically the validity of this replacement in the case that
both the cavity loss and damping is treated in the Lind-
blad form. This is because we can easily calculate the
absorption spectra by replacing all the positive-frequency
components of Hermitian operators with the Fourier
transform of the lowering components, e.g., Qˆj(ω) is re-
placed by Qˆ↓j (ω), and polariton annihilation operators
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{pˆj,ζ} and creation ones {pˆ†j,ζ} are not mixed in the equa-
tions of motion. We checked numerically that the ab-
sorption spectra by these approaches are approximately
equivalent. The detail of this discussion is shown in
App. C.
VI. COMPARISON OF THREE APPROACHES
In Fig. 4(a), we plot the absorption spectra by the
three approaches: the MBCs (solid line), non-Lindblad-
type quantum Langevin equation (dashed line), and
Lindblad-type one (dash-dotted line). The parameters
are the same as the undermost spectrum in Fig. 3:
ℓ = πc/ωa, Λ0 = 10
3, g = 1, and γ = 0.5ωa. In the
calculations by the quantum Langevin equations, we con-
sidered the wavenumbers {kj} up to j = 2000.
We can clearly find that the spectra by the MBCs and
non-Lindblad-type equation agree well with each other.
A small discrepancy is found at the top of the broad peak
around ω = ωa. This broad peak appears as the sum
of the peaks of lower polariton modes for 2 < j < ∞.
The small discrepancy basically comes from our neglect
of higher modes for j > 2000 in the calculation based on
the non-Lindblad-type quantum Langevin equation.
On the other hand, the spectrum by the Lindblad-type
equation clearly shows a discrepancy with that by the
other two approaches. Basically, a larger absorption is
obtained for ω < ωa, and smaller is obtained for ω > ωa
in the frequency range of the figure. It is hard to explain
this discrepancy in terms of physics, but, mathemati-
cally, it comes from the difference between the commuta-
tor [Sˆ, Qˆj] at the dissipation and noise terms concerning
the cavity loss in the non-Lindblad-type equation (64)
and [Sˆ, Qˆ↓j ] in the Lindblad-type equation (69). This dif-
ference originates from the RWA to the SEC.
In order to catch the tendency of this discrepancy, in
Fig. 4(b), we decreased the damping rate as γ = 0.25ωa
while keeping the other parameters g, Λ0, and ℓ. All
the absorption peaks become narrower than those in
Fig. 4(a), and we can now find the peak originating from
the second lower polariton mode. The discrepancy be-
tween the spectra by the Lindblad-type equation and the
other two is reduced than Fig. 4(a), although we did not
change the cavity-loss parameter Λ0 and the RWA was
performed to the SEC concerning the cavity loss.
On the other hand, in Fig. 4(c), we instead decreased
the light-matter interaction strength as g = 0.5 than in
Fig. 4(a) while keeping γ, Λ0, and ℓ. The discrepancy be-
comes relatively smaller than Fig. 4(a) especially around
the top of the peaks and the tail of the lowest peak, while
we can still find the discrepancy around ω ∼ ωa.
In order to understand these tendencies of the dis-
crepancy, we tentatively simplify the calculation, i.e.,
let us consider only the lowest wavenumber k1 for pho-
tons and excitations in the Lindblad and non-Lindblad
quantum Langevin equations. Since we cannot eliminate
the higher kj modes in the calculation by the MBCs,
we compare the absorption spectra by the two quantum
Langevin equations.
In Fig. 5(a), we plot the absorption spectra obtained by
the non-Lindblad-type quantum Langevin equation for
g = 1.0, 0.5, and 0.25 with keeping γ = 0.5ωa, Λ0 = 10
3,
and ℓ = πc/ωa. The broad peak around ω ∼ ωa disap-
pears, and we simply get the peaks of the lower and upper
polariton modes with k1. In Fig. 5(b), we plot the ab-
sorption spectra in the case of γ = 0.25ωa. We can find
narrower peaks than in Fig. 5(a). Concerning the dis-
crepancy between the Lindblad- and non-Lindblad-type
equations, we plot the normalized absorption difference
(RLindblad−Rnon-Lindblad)/(1−Rnon-Lindblad) for g = 1.0,
0.5, and 0.25 in Fig. 5(c). Surprisingly, these curves are
independent of γ and Λ0, but they depend on only g and
ℓ. We get positive values between the lower and upper
polariton frequencies, and negative values are obtained
out of this frequency region. Especially, the normalized
difference diverges for ω → 0. This is because the origi-
nal lowering components such as Qˆ↓j and the raising ones
Qˆ↑j are mixed through the SEC for ω ≪ ωa, because the
frequency difference 2ω of them becomes negligible than
the light-matter interaction strength gωa. However, since
the absorption peaks drop well to zero for ω → 0, we do
not focus on this divergence.
Since the normalized difference is zero at the lower and
upper polariton frequencies, we got the smaller discrep-
ancy in Fig. 4(b) by the decrease in the broadening γ.
The discrepancy is basically highlighted for large γ espe-
cially when γ is comparable to or larger than the mode
splitting ∼ 2gωa in this case. On the other hand, in
Fig. 5(c), the top of the curves at ω = ωa are 0.1464,
0.0528, and 0.0149 for g = 1.0, 0.5, and 0.25, respectively.
Thanks to this reduction of the discrepancy with the de-
crease in g, we get the smaller discrepancy at the top
and the lower tail of the lower polariton peak in Fig. 4(c)
than in Fig. 4(a). For understanding the remaining dis-
crepancy around ω = ωa in Fig. 4(c), we need to consider
also the higher kj modes for j > 1. We calculated the
absorption spectra by the Lindblad- and non-Lindblad-
type quantum Langevin equations with eliminating the
mixing of different kj , i.e, the summation over j
′ is per-
formed only for j′ = j in Eqs. (64) and (69). Although
we do not show the numerical results in figures, we got
almost the same absorption spectra as in Fig. 4, which
was calculated with the kj mixing. This minor contribu-
tion of the kj mixing is natural because we supposed the
good cavity with Λ0 ≫ 1. Then, we can say that the dis-
crepancy in Fig. 4 basically comes from the summation
of the differences seen in Fig. 5(c) for all the kj modes.
Concerning this discrepancy in Fig. 4(c), whereas the
k1 modes is a part of its origin, the higher kj modes
also contribute to it. From these facts, we can say that
the discrepancy between the Lindblad-type equation and
the other two methods clearly appear in the ultra-strong
light-matter interaction regime [as seen in Fig. 5(c)] with
a concentration of modes (overlap of absorption peaks),
which is increased by enlarging γ, i.e., wider broadening.
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FIG. 4. Absorption spectra by three approaches: by the
MBCs (blue solid line), by non-Lindblad-type equation (red
dashed line), and by Lindblad-type equation (green dash-
dotted line). We considered (a) g = 1.0 and γ = 0.5ωa, (b)
g = 1.0 and γ = 0.25ωa, and (c) g = 0.5 and γ = 0.5ωa.
We basically get good agreement between the spectra by the
MBCs and by the non-Lindblad-type equation, while those
by the Lindblad-type equation show a discrepancy. The
discrepancy is basically reduced by the decrease in g and γ.
Parameters: ℓ = πc/ωa and Λ0 = 10
3. kj up to j = 2000
are considered.
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FIG. 5. (a,b) Absorption spectra calculated by the non-
Lindblad-type equation by considering only the lowest
wavenumber k1 are plotted for g = 1.0 (red solid line),
g = 0.5 (green dashed line), and g = 0.25 (blue dash-dotted
line). We supposed (a) γ = 0.5ωa and (b) γ = 0.25ωa. (c)
The differences of absorption spectra by the Lindblad- and
non-Lindblad-type equations normalized to that of the non-
Lindblad-type one are plotted as functions of ω/ωa. These
curves depend only on ℓ and g. Parameters: ℓ = πc/ωa and
Λ0 = 10
3.
Anyway, whereas we considered only the good cavity
case (Λ0 ≫ 1), we basically found a good agreement be-
tween the absorption spectra by the MBCs and the non-
Lindblad-type quantum Langevin equation. The absorp-
tion spectrum by the Lindblad-type equation shows a
discrepancy from them in the ultra-strong light-matter
interaction regime with a large broadening γ (overlap).
If the cavity quality is not so good as Λ0 . 1, we can-
not reproduce the absorption spectrum of the MBCs even
by the non-Lindblad-type quantum Langevin equation.
This is because our SEC Hamiltonian for the cavity loss
is valid only for the good cavities. On the other hand, for
much low damping γ ≪ ωa, the peak widths are found
to be almost the same for the three approaches. How-
ever, since we did not consider the Lamb shift due to the
SEC, the Lindblad and non-Lindblad master equations
give almost the same absorption spectra, while the peak
positions are found to be shifted in the spectra by the
MBCs.
From these facts, we conclude that we should not ap-
ply the RWA to the SEC of the cavity loss in the deriva-
tion of the master and quantum Langevin equations. Al-
though the master equation of the non-Lindblad form is
derived, it shows a better agreement with calculations
by the MBCs in the classical electrodynamics, compar-
ing to the Lindblad master equation derived under the
RWA to the SEC. Although we did not discuss in detail
the other SECs, such as the damping, the same conclu-
sion is probably obtained by considering explicitly the
mechanism of the SECs, because the RWA is an approx-
imation basically for the mathematical requirement, i.e.,
the positivity of density operator in the Lindblad master
equation.
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VII. POSITIVITY CHECK
Next, we check the violation of the positivity in the
non-Lindblad master equation. The non-Lindblad-type
quantum Langevin equation in Eq. (64) used in the pre-
vious sections corresponds to the following non-Lindblad
master equation:
∂
∂t
ρˆ =
1
i~
[
Hˆ0, ρˆ
]
+
∑
j
γ
2
([
Xˆj , ρˆXˆ
↑
j
]
+
[
Xˆ↓j ρˆ, Xˆj
])
+
∑
j,j′
√
κjκj′
2
([
Qˆj, ρˆQˆ
↑
j′
]
+
[
Qˆ↓j′ ρˆ, Qˆj
])
. (70)
For the ground state |g〉 of the Hamiltonian Hˆ0 of the
system of interest, it is clear that ρ = |g〉〈g| is a steady
state solution of Eq. (70), because Xˆ↓j |g〉 = Qˆ↓j |g〉 = 0
and 〈g|Xˆ↑j = 〈g|Qˆ↑j = 0. Then, the positivity is never
violated in the steady state in this dissipative situation.
We therefore check the positivity in non-equilibrium
or dynamical situations by numerically solving the non-
Lindblad master equation. However, due to the compu-
tational difficulty, we here consider only the lowest cavity
and excitation modes (j = 1), and the number of bosons
in each mode is limited to 24, which is large enough in
the following calculations. This computational cost is
the reason why we used the quantum Langevin equa-
tions in the previous sections, where we could consider
2000 modes without limiting the number of bosons. The
non-Lindblad master equation used in this section is
∂
∂t
ρˆ =
1
i~
[
Hˆj=10 , ρˆ
]
+
γn
2
([
Xˆ1, ρˆXˆ
↓
1
]
+
[
Xˆ↑1 ρˆ, Xˆ1
])
+
γ(1 + n)
2
([
Xˆ1, ρˆXˆ
↑
1
]
+
[
Xˆ↓1 ρˆ, Xˆ1
])
+
κ1
2
([
Qˆ1, ρˆQˆ
↑
1
]
+
[
Qˆ↓1ρˆ, Qˆ1
])
. (71)
The Hamiltonian Hˆj=10 consists of only the lowest pho-
tonic and excitonic modes with j = 1. We assume that
the distribution of the excitonic environment is flat as
n(ω) = n in the frequency range of interest.
We first check the positivity in the non-equilibrium
steady state under the incoherent excitation by the exci-
tonic environment with n > 0. The density operator ρˆss
in the steady state is numerically calculated by search-
ing zero eigen-value of the coefficient matrix for ρˆ on the
right-hand side in Eq. (71). As far as we checked numer-
ically, the minimum eigen-value of ρˆss is basically zero
within the range of numerical error.
Then, what we have to check is the positivity in dy-
namical situation. Compared with starting from the
ground state ρˆ = |g〉〈g| under the incoherent excitation
(n > 0), we can find a clear violation of the positivity
by starting from the state with zero photon and zero ex-
citation |0, 0〉, which is not the ground state |g〉 in the
ultra-strong interaction regime.
Figure 6(a) shows the temporal development of the
number of photons starting from ρ(t = 0) = |0, 0〉〈0, 0|.
We supposed ck1 = ωa, κ1 = 6.366× 10−7ωa, γ = 0.5ωa,
and no incoherent excitation n = 0. The results for g =
0.01, 0.1, 0.2, 0.5, and 1.0 are plotted with different color.
Since |0, 0〉 is not the true ground state of Hˆj=10 , the num-
ber of photons gradually increases and oscillatory reaches
〈g|aˆ†1aˆ1|g〉, which means ρ(t → ∞) = |g〉〈g|. In the case
of relatively weak interaction strength g = 0.01, the den-
sity operator does not yet reach |g〉〈g| at t = 100ω−1a .
Figure 6(b) shows the minimum eigen-value of the den-
sity operator ρ(t). Negative eigen-values are basically ob-
tained, i.e., the positivity is violated in the non-Lindblad
master equation in Eq. (71). In this paper, we measure
the positivity violation by the absolute value of the mini-
mum negative eigen-value. At the early stage of Fig. 6(b),
the positivity is gradually violated together with the in-
crease in the number of photons. The violation is max-
imized before the number of photons starts to oscillate.
While the violation for g = 1.0 is more significant than
for g = 0.5 at the early stage, the former starts to be
suppressed earlier than the latter. As the result, the
positivity violation is most significant for g = 0.5 in the
present demonstration. Note that the positivity violation
gradually diminishes afterward, and it becomes negligi-
ble when the system reaches the ground state, since the
steady state ρˆss = |g〉〈g| guarantees the minimum eigen-
value equal to zero.
We next check the positivity in the dynamics under the
incoherent excitation (n > 0). Figures 7(a) and (b) show
the development of the number of photons and of the
minimum eigen-value, respectively, in the case of n = 0.1.
For any g, the number of photons finally becomes a larger
value than in Fig. 6(a) due to the incoherent excitation.
The results in the early stage are not strongly changed
from the dissipative situation in Fig. 6. However, during
the oscillation period, the positivity violation is clearly
suppressed compared with Fig. 6, and it becomes neg-
ligible at an earlier time. This is probably because the
higher states have positive probabilities thanks to the in-
coherent excitation, which diminishes the negative prob-
ability, whereas the higher states have zero probability as
ρˆss = |g〉〈g| in the dissipative situation. We numerically
checked that the positivity violation can be suppressed
by increasing n, i.e., by strengthening the incoherent ex-
citation.
In conclusion, as far as we checked numerically, the
positivity can be violated in the temporal development
calculated by our non-Lindblad master equation, al-
though it is not violated when the system is close to the
steady state. The positivity violation becomes significant
when we start from a special initial state such as |0, 0〉,
while the violation remains small starting from |g〉.
VIII. ADVANTAGE OF NON-LINDBLAD FORM
We finally discuss the advantage of the non-Lindblad
master equation than the Lindblad one, while the disad-
vantage is the violation of the positivity as checked in the
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FIG. 6. Temporal development of (a) number of photons
inside the cavity and (b) minimum eigen-value of density
operator calculated by the non-Lindblad master equation in
Eq. (71) for n = 0 (no incoherent excitation). The initial
density operator is ρˆ(t = 0) = |0, 0〉〈0, 0| with zero photon
and zero excitation. The results for g = 0.01, 0.1, 0.2, 0.5,
and 1.0 are plotted with different color. Negative eigen-
values are clearly obtained as seen in panel (b), while they
become negligible when the system reaches the steady state
ρˆss = |g〉〈g|. Parameters: ck1 = ωa, κ1 = 6.366 × 10
−7ωa,
γ = 0.5ωa, and n = 0.
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ing to Fig. 6(b), the negative eigen-values are rapidly sup-
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Parameters: ck1 = ωa, κ1 = 6.366×10
−7ωa, γ = 0.5ωa, and
n = 0.1.
previous section.
One advantage is the agreement with the results by
the MBCs in the classical electrodynamics, which was
checked in Sec. VI. The Lindblad-type equation shows a
discrepancy due to the RWA to the SEC.
Another advantage is the simplicity in the calcula-
tion of the non-Lindblad-type quantum Langevin equa-
tions (and stochastic differential ones in Appendix A3).
As seen in Eq. (19a), the non-Lindblad-type quantum
Langevin equation does not include the lowering and
raising components of system operators, although they
appear in the Lindblad-type equation, Eq. (19b). We
need the information of all the eigen-states of Hˆ0 for
decomposing system operators to the lowering and rais-
ing components. It is basically difficult to diagonalize
Hˆ0 analytically and also numerically, if the system of in-
terest has much degrees of freedom. The non-Lindblad-
type quantum Langevin equations does not require such
a diagonalization, and they are sometimes easily to be
solved. In the demonstration in this paper, we can eas-
ily solve the non-Lindblad-type equations, Eqs. (65). In
contrast, the calculation by the Lindblad-type equations
are complicated as shown in Appendix C. Basically, the
non-Lindblad-type quantum Langevin equations can be
solved easier than the Lindblad-type ones, since we do
not need to diagonalize the Hamiltonian. For example,
in the study of the laser in the ultra-strong interaction
regime, the non-Lindblad-type quantum stochastic differ-
ential equations enabled us to get easily the steady state
solutions [38], while the Hamiltonian of the laser system
is hard to be diagonalized due to the huge number of
finite-level atoms interacting with the cavity modes.
IX. SUMMARY
From the MBCs at an imperfect mirror of a Fabry-
Pérot cavity, we derived a Hamiltonian connecting inside
and outside the cavity (SEC Hamiltonian) in the good-
cavity case [12]. From this Hamiltonian, in the Born-
Markov approximation but without the RWA to the SEC
Hamiltonian, the master equation of a non-Lindblad form
is derived even for frequency-independent loss rates κj of
the cavity modes. Then, the positivity of the density
operator is not guaranteed. For transforming it to the
Lindblad form, we need to apply the RWA to the SEC
Hamiltonian. However, we found that the absorption
spectra by the non-Lindblad master equation agree well
with those by the reliable calculation by the MBCs, while
the Lindblad master equation shows a discrepancy from
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them in the ultra-strong light-matter interaction regime
with a large broadening (high damping rate γ). In this
way, in the similar manner as in the studies of quan-
tum Brownian motion [3–9], for the consistency with the
physical laws (Maxwell equations or MBCs), we some-
times need to consider a non-Lindblad master equation
derived without the RWA to the SEC, while the math-
ematical requirement (positivity of density operator) is
not guaranteed.
From the viewpoint of studying the ultra-strong light-
matter interaction regime, it still remains unclear how the
response, dissipation, and noise are changed before and
after the super-radiant phase transition (SRPT) [39–41]
both for the non-equilibrium analogue [42, 43] and for
the original thermal-equilibrium SRPT, which has not
yet realized experimentally. How to observe the SRPT
is also open to dispute [44, 45]. Since the spontaneous
appearance of the coherent amplitude of photonic field at
the SRPT corresponds to the appearance of a static elec-
tric or magnetic field in the system, the physics involving
the SEC is expected to be changed strongly reflecting the
MBCs between the environment and the system with the
static field. For the correct investigation of the response,
dissipation, and noise after the SRPT, the consistency
with the MBCs is essential as we pursued in the present
paper.
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Appendix A: Derivation of master, quantum
Langevin, and quantum stochastic differential
equations
We will derive the master equation in App. A 1 and the
quantum Langevin equation in App. A 2 from the SEC
Hamiltonian expressed as
HˆSEC =
∫ ∞
0
dω
∑
j
i~
√
κj(ω)
2π
Qˆj
[
fˆ †(ω)− fˆ(ω)
]
.
(A1)
As will be discussed in Sec. A 3, the quantum stochas-
tic differential equation is also derived from the master
equation. Whereas this SEC Hamiltonian has the same
form as supposed in Sec. III, here we consider the ω-
dependent loss rate κ(ω) and a more general correlation
of the environment as
〈fˆ †(ω)fˆ(ω′)〉 = n(ω)δ(ω − ω′), (A2a)
〈fˆ(ω)fˆ †(ω′)〉 = [n(ω) + 1]δ(ω − ω′), (A2b)
where n(ω) is the expectation number of bosons with
frequency ω in the environment. The Hamiltonian of the
environment is
Hˆenv =
∫ ∞
0
dω ~ωfˆ †(ω)fˆ(ω). (A3)
We here consider that the system of interest described
by Hˆ0 couples only with this environment through HˆSEC
in Eq. (A1) without considering any other environments.
We will derive the Lindblad and non-Lindblad master
equations, and the former is derived by applying the
RWA to the SEC Hamiltonian in Eq. (A1) in the basis
of the eigen-states {|µ〉} of Hˆ0 as
HˆRWASEC =
∫ ∞
0
dω
∑
j
i~
√
κj(ω)
2π
[
fˆ †(ω)Qˆ↓j − Qˆ↑j fˆ(ω)
]
,
(A4)
where the lowering and raising operators are defined as
in Eqs. (7).
1. Master equation
Let us derive the master equation in the similar manner
as in Refs. [7, 9]. In the interaction picture, the equation
of motion of density operator ρ˜totI (t) of the whole system
Hˆ = Hˆ0 + HˆSEC + Hˆenv is written as
∂
∂t
ρ˜totI (t) =
1
i~
[
H˜SEC(t), ρ˜
tot
I (t0)
]
− 1
~2
∫ t
t0
dt′
[
H˜SEC(t),
[
H˜SEC(t
′), ρ˜totI (t
′)
]]
,
(A5)
where t0 → −∞ is the switch-on time of the SEC and
the operators are defined as
H˜SEC(t) ≡ ei(Hˆ0+Hˆenv)t/~HˆSECe−i(Hˆ0+Hˆenv)t/~, (A6)
ρ˜totI (t) ≡ ei(Hˆ0+Hˆenv)t/~ρˆtotS (t)e−i(Hˆ0+Hˆenv)t/~. (A7)
Here, ρˆtotS (t) is the density operator of the total system in
the Schrödinger picture. We define the reduced density
operator ρ˜I(t) of the system of interest by taking the trace
over the degrees of freedom in the environment as
ρ˜I(t) ≡ Trenv[ρ˜totI (t)]. (A8)
Since we suppose that the fields in the environment has
no coherence at the initial time t0, the first term in
Eq. (A5) is
Trenv
[
H˜SEC(t), ρ˜
tot
I (t0)
]
= 0. (A9)
Then, we get the equation of motion of ρ˜I(t) as
∂
∂t
ρ˜I(t) =
∫ t
t0
dt′
−~2 Trenv
[
H˜SEC(t),
[
H˜SEC(t
′), ρ˜totI (t
′)
]]
.
(A10)
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Next, we use the Born approximation [7, 9], and the
total density operator is represented as
ρ˜totI (t) = ρ˜I(t)⊗ ρ˜BI . (A11)
This is means that the environment is modified only
slightly and remains approximately in the initial state ρ˜BI ,
which is justified when the environment is huge enough
and the SEC is relatively weak. Under the Born approx-
imation, the integrand in Eq. (A10) is rewritten as
− 1
~2
Trenv
[
H˜SEC(t),
[
H˜SEC(t
′), ρ˜totI (t
′)
]]
=
∑
j,j′
∫ ∞
0
dω
√
κj(ω)κj′ (ω)
2π
{
[n(ω) + 1]
(
eiω(t−t
′)
[
Q˜j(t), ρ˜I(t
′)Q˜j′ (t
′)
]
+ e−iω(t−t
′)
[
Q˜j′(t
′)ρ˜I(t
′), Q˜j(t)
])
+n(ω)
(
e−iω(t−t
′)
[
Q˜j(t), ρ˜I(t
′)Q˜j′(t
′)
]
+ eiω(t−t
′)
[
Q˜j′(t
′)ρ˜I(t
′), Q˜j(t)
])}
. (A12)
On the other hand, when we perform the RWA to the SEC Hamiltonian, we instead get
− 1
~2
Trenv
[
H˜RWASEC (t),
[
H˜RWASEC (t
′), ρ˜totI (t
′)
]]
=
∑
j,j′
∫ ∞
0
dω
√
κj(ω)κj′(ω)
2π
{
[n(ω) + 1]
(
eiω(t−t
′)
[
Q˜↓j(t), ρ˜I(t
′)Q˜↑j′ (t
′)
]
+ e−iω(t−t
′)
[
Q˜↓j′(t
′)ρ˜I(t
′), Q˜↑j (t)
])
+n(ω)
(
e−iω(t−t
′)
[
Q˜↑j (t), ρ˜I(t
′)Q˜↓j′(t
′)
]
+ eiω(t−t
′)
[
Q˜↑j′(t
′)ρ˜I(t
′), Q˜↓j (t)
])}
. (A13)
Here, we use the Markov approximation in the sense of Ref. [9], i.e., the reduced density operator ρ˜I(t
′) in the
interaction picture is replaced by ρ˜I(t) in a short enough coherence time of the environment. Then, the equation of
motion of the density operator ρˆ(t) in the Schrödinger picture is obtained from Eqs. (A10) and (A12) as
∂
∂t
ρˆ(t) =
1
i~
[
Hˆ0, ρˆ
]
+
∫ t
t0
dt′
∑
j,j′
∫ ∞
0
dω
√
κj(ω)κj′ (ω)
2π
×
{
[n(ω) + 1]
(
eiω(t−t
′)
[
Qˆj , ρˆ(t)Q˜j′(t
′ − t)
]
+ e−iω(t−t
′)
[
Q˜j′(t
′ − t)ρˆ(t), Qˆj
])
+n(ω)
(
e−iω(t−t
′)
[
Qˆj, ρˆ(t)Q˜j′ (t
′ − t)
]
+ eiω(t−t
′)
[
Q˜j′(t
′ − t)ρˆ(t), Qˆj
])}
, (A14)
where the density operator is defined as
ρˆ(t) ≡ e−iHˆ0t/~ρ˜I(t)eiHˆ0t/~. (A15)
Under the RWA to the SEC, we instead get
∂
∂t
ρˆ(t) =
1
i~
[
Hˆ0, ρˆ
]
+
∫ t
t0
dt′
∑
j,j′
∫ ∞
0
dω
√
κj(ω)κj′ (ω)
2π
×
{
[n(ω) + 1]
(
eiω(t−t
′)
[
Qˆ↓j , ρˆ(t)Q˜
↑
j′(t
′ − t)
]
+ e−iω(t−t
′)
[
Q˜↓j′(t
′ − t)ρˆ(t), Qˆ↑j
])
+n(ω)
(
e−iω(t−t
′)
[
Qˆ↑j , ρˆ(t)Q˜
↓
j′ (t
′ − t)
]
+ eiω(t−t
′)
[
Q˜↑j′(t
′ − t)ρˆ(t), Qˆ↓j
])}
. (A16)
Here, the integral over t′ is rewritten for t0 → −∞ as∫ t
−∞
dt′ e∓iω(t−t
′)Q˜↓j′(t
′ − t) =
∑
µ,ν>µ
Qˆj′,µ,ν
∫ t
−∞
dt′ ei(ων,µ∓ω)(t−t
′)
=
∑
µ,ν>µ
Qˆj′,µ,ν
[
πδ(ων,µ ∓ ω) + P
i(ων,µ ∓ ω)
]
, (A17a)
∫ t
−∞
dt′ e±iω(t−t
′)Q˜↑j′(t
′ − t) =
∑
µ,ν>µ
{Qˆj′,µ,ν}†
∫ t
−∞
dt′ e−i(ων,µ∓ω)(t−t
′)
=
∑
µ,ν>µ
{Qˆj′,µ,ν}†
[
πδ(ων,µ ∓ ω)− P
i(ων,µ ∓ ω)
]
. (A17b)
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The last terms contribute to the shift of the energies due to the SEC (Lamb shift), and we neglect it in this paper.
Then, the master equation is obtained without the RWA to the SEC as
∂
∂t
ρˆ(t) =
1
i~
[
Hˆ0, ρˆ
]
+
∑
j,j′
∑
µ,ν>µ
√
κj(ων,µ)κj′(ων,µ)
2
{
[n(ων,µ) + 1]
([
Qˆj , ρˆ(t){Qˆj′,µ,ν}†
]
+
[
Qˆj′,µ,ν ρˆ(t), Qˆj
])
+n(ων,µ)
([
Qˆj, ρˆ(t)Qˆj′,µ,ν
]
+
[
{Qˆj′,µ,ν}†ρˆ(t), Qˆj
])}
. (A18)
For ω-independent κ and n(ω) = 0, this master equation is reduced to the non-Lindblad master equation in Eq. (18a).
Further, when the system of interest couples with the environment only through an operator Qˆ, it is reduced to
Eq. (12). When n(ω) 6= 0 and the system of interest couples with the environment only through an operator Qˆ, the
above master equation is reduced to Eq. (B6) for ω-dependent κ(ω) and to Eq. (B3) for ω-independent κ. On the
other hand, under the RWA to the SEC, we get
∂
∂t
ρˆ(t) =
1
i~
[
Hˆ0, ρˆ
]
+
∑
j,j′
∑
µ,ν>µ
√
κj(ων,µ)κj′(ων,µ)
2
{
[n(ων,µ) + 1]
([
Qˆ↓j , ρˆ(t){Qˆj′,µ,ν}†
]
+
[
Qˆj′,µ,ν ρˆ(t), Qˆ
↑
j
])
+n(ων,µ)
([
Qˆ↑j , ρˆ(t)Qˆj′,µ,ν
]
+
[
{Qˆj′,µ,ν}†ρˆ(t), Qˆ↓j
])}
. (A19)
For ω-independent κ and n(ω) = 0, this master equation
is reduced to the Lindblad master equation in Eq. (18b).
Further, when the system of interest couples with the
environment only through an operator Qˆ, it is reduced
to Eq. (9). When n(ω) 6= 0 and the system of interest
couples with the environment only through an operator
Qˆ, the above master equation is reduced to Eq. (B4) for
ω-dependent κ(ω) and to Eq. (B2) for ω-independent κ.
2. Quantum Langevin equation
Let us next derive the quantum Langevin equation in
the similar manner as in Ref. [7]. From the SEC Hamil-
tonian without the RWA in Eq. (A1), the Heisenberg
equation of fˆ(ω) is derived as
∂
∂t
fˆ(ω, t) = −iωfˆ(ω, t) +
∑
j
√
κj(ω)
2π
Qˆj(t). (A20)
This equation is rewritten for t0 → −∞ as
fˆ(ω, t) = e−iω(t−t0)fˆ(ω, t0)
+
∑
j
√
κj(ω)
2π
∫ t
t0
dt e−iω(t−t
′)Qˆj(t
′) (A21a)
= e−iω(t−t0)fˆ(ω, t0) +
∑
j
√
κj(ω)
2π
∫ ∞
−∞
dω′
× e−iω′t
[
πδ(ω − ω′)− iP
ω − ω′
]
Qˆj(ω
′).
(A21b)
The last term also contribute to the Lamb shift, and we
neglect it in this paper. Then, the quantum Langevin
equation without the RWA to the SEC is obtained from
the Heisenberg equation for arbitrary operator Sˆ of the
system of interest as
∂
∂t
Sˆ =
1
i~
[
Sˆ, Hˆ0
]
−
∫ ∞
0
dω


∑
j
[
Sˆ, Qˆj
]√κj(ω)
2π
fˆ(ω, t) + H.c.


(A22)
≈ 1
i~
[
Sˆ, Hˆ0
]
−
∫ ∞
0
dω


∑
j
[
Sˆ, Qˆj
]
e−iωt
√
κj(ω)
×

aˆin(ω) +∑
j′
√
κj′ (ω)
2
Qˆj′(ω)

+H.c.

 ,
(A23)
where the input operator is defined as
aˆin(ω) = e
iωt0 fˆ(ω, t0)/
√
2π. (A24)
This satisfies [aˆin(ω), aˆ
†
in(ω
′)] = δ(ω−ω′)/2π. The input-
output relation is obtained as [7, 11]
aˆout(ω) = aˆin(ω) +
∑
j
√
κj(ω)Qˆj(ω). (A25)
On the other hand, under the RWA to the SEC, the quan-
tum Langevin equation is derived from the SEC Hamil-
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tonian in Eq. (A4) as
∂
∂t
Sˆ ≈ 1
i~
[
Sˆ, Hˆ0
]
−
∫ ∞
0
dω


∑
j
[
Sˆ, Qˆ↑j
]
e−iωt
√
κj(ω)
×

aˆin(ω) +∑
j′
√
κj′(ω)
2
Qˆ↓j′ (ω)

+H.c.

 .
(A26)
The input-output relation is obtained as
aˆout(ω) = aˆin(ω) +
∑
j
√
κj(ω)Qˆ
↓
j(ω). (A27)
3. Quantum stochastic differential equation
From the master equation in Eq. (A18) derived without
the RWA to the SEC, in the case of the ω-independent κ
and flat distribution n(ω) = n, the corresponding quan-
tum stochastic differential equation in Itoh’s form [7] is
obtained for arbitrary operator Sˆ of the system of interest
as
dSˆ =
1
i~
[
Sˆ, Hˆ0
]
dt
+
∑
j,j′
√
κjκj′
2
(n+ 1)
{
Qˆ↑j′ [Sˆ, Qˆj ] + [Qˆj , Sˆ]Qˆ
↓
j′
}
dt
+
∑
j,j′
√
κjκj′
2
n
{
Qˆ↓j′ [Sˆ, Qˆj] + [Qˆj, Sˆ]Qˆ
↑
j′
}
dt
−
∑
j
√
κj
{
[Sˆ, Qˆj ]dFˆ (t) + dFˆ
†(t)[Qˆj , Sˆ]
}
,
(A28)
where the fluctuation operator satisfies
dFˆ (t)2 = dFˆ †(t)2 = 0, (A29a)
dFˆ †(t)dFˆ (t) = ndt, (A29b)
dFˆ (t)dFˆ †(t) = (n+ 1)dt. (A29c)
On the other hand, from the master equation in
Eq. (A19) derived under the RWA to the SEC, we get
dSˆ =
1
i~
[
Sˆ, Hˆ0
]
dt
+
∑
j,j′
√
κjκj′
2
(n+ 1)
{
Qˆ↑j′ [Sˆ, Qˆ
↓
j ] + [Qˆ
↑
j , Sˆ]Qˆ
↓
j′
}
dt
+
∑
j,j′
√
κjκj′
2
n
{
Qˆ↓j′ [Sˆ, Qˆ
↑
j ] + [Qˆ
↓
j , Sˆ]Qˆ
↑
j′
}
dt
−
∑
j
√
κj
{
[Sˆ, Qˆ↑j ]dFˆ (t) + dFˆ
†(t)[Qˆ↓j , Sˆ]
}
.
(A30)
Replacing Qˆ↓j and Qˆ
↑
j by cˆ and cˆ
† (Qˆj = cˆ + cˆ
†),
respectively, this equation is certainly reduced to the
Itoh’s quantum stochastic differential equation shown in
Ref. [7].
Appendix B: Non-Lindblad master equations for
ω-dependent κ(ω)
Whereas we basically supposed the zero-temperature
environment in the main text, we can in general consider
that the environment has a population distribution as
〈fˆ †(ω)fˆ(ω′)〉 = δ(ω − ω′)n(ω). For ω-independent κ and
n in the frequency range of interest, the master equations
in Eqs. (3), (9), and (12) are rewritten, respectively, as
∂
∂t
ρˆ = Lˆ0[ρˆ] + κ
2
(n+ 1)
([
aˆ, ρˆaˆ†
]
+
[
aˆρˆ, aˆ†
])
+
κ
2
n
([
aˆ†, ρˆaˆ
]
+
[
aˆ†ρˆ, aˆ
])
, (B1)
∂
∂t
ρˆ = Lˆ0[ρˆ] + κ
2
(n+ 1)
([
Qˆ↓, ρˆQˆ↑
]
+
[
Qˆ↓ρˆ, Qˆ↑
])
+
κ
2
n
([
Qˆ↑, ρˆQˆ↓
]
+
[
Qˆ↑ρˆ, Qˆ↓
])
, (B2)
∂
∂t
ρˆ = Lˆ0[ρˆ] + κ
2
(n+ 1)
([
Qˆ, ρˆQˆ↑
]
+
[
Qˆ↓ρˆ, Qˆ
])
+
κ
2
n
([
Qˆ, ρˆQˆ↓
]
+
[
Qˆ↑ρˆ, Qˆ
])
. (B3)
The validity of these master equations is re-summarized
in Tab. II.
When the cavity loss κ(ω) and distribution n(ω) de-
pends on the frequency ω in the frequency range of inter-
est, the above three master equations are not appropriate
in general. However, if the frequency range of interest
is only around the cavity resonance ωc and κ(ω) is not
strongly varied in it, i.e., in the weak light-matter in-
teraction regime, the above three master equations are
basically valid. In this sense, in Tab. II, we denote that
they are Good in the weak interaction regime even for
ω-dependent κ(ω) or n(ω).
In the normally strong or ultra-strong light-matter in-
teraction regime for ω-dependent κ(ω) or n(ω), as de-
rived in App. A, the master equations are never expressed
with the photon operator aˆ as in Eq. (B1), but they are
represented as similar as the two master equations in
Eqs. (B2) and (B3). Instead of Eq. (B2) derived under
the RWA to the SEC Hamiltonian, the master equation
for ω-dependent κ(ω) and n(ω) is obtained in the Born-
Markov approximation (we obey Ref. [9] concerning the
meaning of the Markov approximation as performed in
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TABLE II. Validity of six types of master equations both for ω-independent cavity loss rate κ and distribution n of environment
and for ω-deponent κ(ω) or n(ω).
ω-independent κ and n ω-dependent κ(ω) or n(ω)
RWA to SEC Weak Strong Ultra-strong Weak Strong Ultra-strong
Eq. (B1) or (3) Photon-based Lindblad Good Good Bad Good Bad Bad
Eq. (B2) or (9) Eigen-state-based Lindblad Good Good ∗Good Good Bad Bad
Eq. (B3) or (12) No Non-Lindblad Good Good Good Good Bad Bad
Eq. (B4) Eigen-state-based Non-Lindblad Good Good ∗Good Good Good ∗Good
Eq. (B5) Eigen-state-based Lindblad Bad Good ∗Good Bad Good ∗Good
Eq. (B6) No Non-Lindblad Good Good Good Good Good Good
∗Good quantitatively for narrow enough broadening avoiding mode overlaps.
App. A of this paper) as
∂
∂t
ρˆ = Lˆ0[ρˆ] +
∑
µ,ν>µ
κ(ων,µ)
2
×
{
[n(ων,µ) + 1]
([
Qˆ↓, ρˆ{Qˆµ,ν}†
]
+
[
Qˆµ,ν ρˆ, Qˆ
↑
])
+n(ων,µ)
([
Qˆ↑, ρˆQˆµ,ν
]
+
[
{Qˆµ,ν}†ρˆ, Qˆ↓
])}
.
(B4)
Whereas, under the RWA to the light-matter interaction,
Qˆ↓ and Qˆ↑ are reduced to aˆ and aˆ†, respectively, we can-
not rewrite the summation of κ(ων,µ)Qˆµ,ν [×n(ων,µ)] and
its Hermite conjugate simply by the photon annihilation
or creation operators. In this way, for the ω-dependent
κ(ω) or n(ω), we need to use the master equation in
Eq. (B4) even in the normally strong light-matter inter-
action regime, instead of Eq. (B1) or Eq. (B2).
Note that, while the two master equations (B1) and
(B2) are of the Lindblad form, Eq. (B4) is of a non-
Lindblad form. In order to transform it to the Lind-
blad form, we sometimes neglect rapidly oscillating terms
(called the post-trace RWA in Ref. [29] and the RWA
in Eqs. (6) and (1) are called the pre-trace RWA), and
Eq. (B4) is approximated as
∂
∂t
ρˆ = Lˆ0[ρˆ] +
∑
µ
∑
ν>µ
κ(ων,µ)
2
{
[n(ων,µ) + 1]
×
([
Qˆµ,ν , ρˆ{Qˆµ,ν}†
]
+
[
Qˆµ,ν ρˆ, {Qˆµ,ν}†
])
+ n(ων,µ)
([
{Qˆµ,ν}†, ρˆQˆµ,ν
]
+
[
{Qˆµ,ν}†ρˆ, Qˆµ,ν
])}
.
(B5)
This is certainly of the Lindblad form. However, this
approximation is valid only when the transitions be-
tween the eigen-states are well identified under strong
enough light-matter interaction. Then, the master equa-
tion in Eq. (B5) is not appropriate in the weak interac-
tion regime (we note this fact in Tab. II). In such case,
we should rather use the simple Lindblad master equa-
tion in Eq. (B1) or the non-Lindblad master equation
in Eq. (B4). In this way, we have faced the problem
of the Lindblad form (positivity of density operator) in
the study of cavity QED even in the weak and normally
strong interaction regimes.
For ω-dependent κ(ω) or n(ω), instead of Eq. (B3), the
master equation is derived in the Born-Markov approxi-
mation but without the RWA to the SEC as
∂
∂t
ρˆ = Lˆ0[ρˆ] +
∑
µ
∑
ν>µ
κ(ων,µ)
2
×
{
[n(ων,µ) + 1]
([
Qˆ, ρˆ{Qˆµ,ν}†
]
+
[
Qˆµ,ν ρˆ, Qˆ
])
+n(ων,µ)
([
Qˆ, ρˆQˆµ,ν
]
+
[
{Qˆµ,ν}†ρˆ, Qˆ
])}
. (B6)
Compared with Eq. (B4), the lowering and raising com-
ponents Qˆ↓ and Qˆ↑ are replaced by the original operator
Qˆ, while both of them are of the non-Lindblad form.
In this way, there are two kinds of the non-Lindblad
forms: One is found in Eq. (B4), which appears also in
the weak and normally strong light-matter interaction
regimes in the case of ω-dependent κ(ω) or n(ω). The
other is found in Eqs. (B3) and (12), whose difference
from the Lindblad master equation is highlighted in the
ultra-strong light-matter interaction regime with a large
broadening. In order to analyze the latter non-Lindblad
form, we considered the ω-independent κ with n(ω) = 0
in the main text. Eq. (B6) contains both the two non-
Lindblad contributions.
Note that, if all the environments have the same tem-
perature T and bosonic environments show the Bose dis-
tribution n(ω) = 1/(e~ω/kBT − 1), the thermal state
ρ = e−Hˆ0/kBT is obtained as a steady state of the mas-
ter equations in Eqs. (B4), (B5), and (B6). On the other
hand, if all the environments are at zero temperature, the
steady state is guaranteed as the ground state of Hˆ0 in
the master equations in Eqs. (9), (12), although Eq. (3)
does not gives the ground state of the Hamiltonian such
as in Eq. (10) (in ultra-strong interaction regime) [30].
Appendix C: Calculation of absorption by
Lindblad-type equations
Whereas the absorption can be calculated by the sim-
ple equation set for the non-Lindblad-type quantum
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Langevin equations as discussed in Sec. VB, here we
show the calculation method applicable to both the
Lindblad- and non-Lindblad-type equations not only for
the cavity loss but also for the excitation damping.
We first define the array of operators for wavenumber
kj as
vˆj =
(
Qˆj Πˆj Xˆj Yˆj
)T
, (C1)
where T means the matrix transpose. For both the
Lindblad- and non-Lindblad-type quantum Langevin
equations, the equation set for the positive-frequency
components is expressed as
(M0j + iω1)vˆj(ω)
=
√
κjC
κ
j

∑
j′
(
√
κj′/2)Qˆj′(ω) + aˆin(ω)


+Cγj
[
(γ/2)Xˆj(ω) +
√
γbˆinj (ω)
]
. (C2)
Here, the matrix on the left-hand side is derived from Hˆv0
in the velocity form as
M
0
j =


0 −ck 0 0
ck + 4g¯k
2/ωa 0 0 2g¯k
−2g¯k 0 0 −ωa
0 0 ωa 0

 , (C3)
and from Hˆr0 in the length form as
M
0
j =


0 −ck 2g˜k 0
ck 0 0 0
0 0 0 −ωa
0 −2g˜k ωa + 4g2ωa 0

 . (C4)
We checked numerically that the same absorption spectra
are obtained in the two form. The coefficient vectors on
the right-hand side are expressed as
C
κ
j =


(
0 i2 0 0
)T
non-Lindblad∑
ζ
(
Qj,ζ Πj,ζ Xj,ζ Yj,ζ
)T
Q∗j,ζ Lindblad
(C5)
C
γ
j =


(
0 0 0 i2
)T
non-Lindblad∑
ζ
(
Qj,ζ Πj,ζ Xj,ζ Yj,ζ
)T
X∗j,ζ Lindblad
(C6)
where we defined
Qj,ζ = (w
∗
j,ζ − y∗j,ζ), (C7a)
Πj,ζ = i(w
∗
j,ζ + y
∗
j,ζ), (C7b)
Xj,ζ = (x
∗
j,ζ − z∗j,ζ), (C7c)
Yj,ζ = i(x
∗
j,ζ + z
∗
j,ζ). (C7d)
Cκj and C
γ
j governs the SEC of the cavity loss and exci-
tation damping, respectively, reflecting whether they are
treated in Lindblad- or non-Lindblad-form. The equation
set is rewritten as∑
j′
Mj,j′(ω)vˆj′ (ω) =
√
κjC
κ
j aˆin(ω) +
√
γCγj bˆ
in
j (ω),
(C8)
where the coefficient matrix is expressed as
Mj,j′ (ω) = δj,j′
[
M0 − γ
2
C
γ
j ×
(
0 0 1 0
)
+ iω1
]
−
√
κjκj′
2
C
κ
j ×
(
1 0 0 0
)
. (C9)
From the input-output relation, we can get the reflection
coefficient r(ω) as
aˆout(ω) = aˆin(ω) +
∑
j
√
κjQˆj(ω) = r(ω)aˆin(ω) + . . .
(C10)
Then, we can calculate the reflection and absorption
spectra.
For deriving Eq. (C2), we in fact replaced all the low-
ering operators with the original ones such as Qˆ↓j(ω) with
Qˆj(ω) for ω > 0. On the other hand, if we treat both the
cavity loss and damping in the Lindblad-type treatment,
we can get simple equation set for polariton annihilation
operators {pˆj,ζ} by inversely replacing Qˆj(ω) with Qˆ↓j (ω)
as
i(ω − ωj,ζ)pˆj,ζ(ω)
= Q∗j,ζ
√
κj

∑
j′
√
κj′
2
∑
ζ′
Qj′,ζ′ pˆj′,ζ′(ω) + aˆin(ω)


+X∗j,ζ

γ
2
∑
ζ′
Xj,ζ′ pˆj,ζ′(ω) +
√
γbˆinj (ω)

 . (C11)
From this equation set and the input-output relation
aˆout(ω) = aˆin(ω) +
∑
j
√
κj
∑
ζ
Qj,ζ pˆj,ζ , (C12)
we can also calculate the reflection coefficient r(ω), re-
flection and absorption spectra. As far as we checked
numerically, we get approximately the same absorption
spectra by Eq. (C11) and by Eq. (C8) with the Lindblad-
type treatment for both the cavity loss and damping. In
this way, Qˆj(ω) and Qˆ
↓
j (ω) are approximately equivalent
in the parameter region of this paper.
Appendix D: Other numerical results
In Fig. 8, we show the absorption spectra for (a) cav-
ity length ℓ = 2πc/ωa and (b) ℓ = 4πc/ωa, where the
frequency of the lowest cavity mode is ck1 = 0.5ωa and
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FIG. 8. Absorption spectra by three approaches: by MBCs
(blue solid line), by non-Lindblad-type equation (red dashed
line), and by Lindblad-type equation (green dash-dotted line).
The cavity lengths are (a) ℓ = 2πc/ωa and (b) ℓ = 4πc/ωa,
where the frequency of the lowest cavity mode is ck1 = 0.5ωa
and 0.25ωa, respectively. We basically get the same tendency
as in Fig. 4. Parameters: g = 1, γ = 0.5ωa, and Λ0 = 10
3. kj
up to j = 2000 are considered.
0.25ωa, respectively. The other parameters are g = 1,
γ = 0.5ωa, and Λ = 10
3. The spectra by the three ap-
proaches are plotted with different lines. We get basically
the same tendency as the case of ℓ = πc/ωa discussed in
the main text.
In Fig. 9, we show the absorption spectra in the
Lindblad-type treatment for the excitation damping.
The three curves are calculated by the MBCs (solid
blue line), quantum Langevin equation with the non-
Lindblad-type treatment for the cavity loss (red dashed
line), and that with the Lindblad-type treatment for the
cavity loss (green dash-dotted line). The calculation
method of the latter two are explained in App. C. For the
calculation by the MBCs, we numerically calculated the
dielectric function εp(ω) of the medium in the Lindblad-
type treatment for the excitation damping as follows. In
the spatially infinite system as discussed in Sec. IVC, the
quantum Langevin equation of the polariton annihilation
operator is obtained as
i(ω − ωk,ζ)pˆk,ζ(ω)
= X∗k,ζ

γ
2
∑
ζ′
Xk,ζ′ pˆk,ζ′(ω) +
√
γbˆink (ω)

 . (D1)
The dispersion relation is obtained from the zero deter-
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FIG. 9. Absorption spectra are calculated with the Lindblad-
type treatment for excitation damping. For the cavity loss,
we used the three approaches: by the MBCs (blue solid line),
by non-Lindblad-type equation (red dashed line), and by
Lindblad-type equation (green dash-dotted line). We consid-
ered (a) g = 1.0 and γ = 0.5ωa, (b) g = 1.0 and γ = 0.25ωa,
and (c) g = 0.5 and γ = 0.5ωa. In contrast to the non-
Lindblad-type treatment for damping in Fig. 4, we can find a
clear discrepancy between the spectra by the MBCs and by
the non-Lindblad-type equation concerning the cavity loss.
However, for the Lindblad-type equation concerning the cav-
ity loss, we get a larger discrepancy, and the tendency is sim-
ilar as in Fig. 4 Parameters: ℓ = πc/ωa and Λ0 = 10
3. kj up
to j = 2000 are considered.
minant of the coefficient matrix as
det
[
i(ω − ωk,L)− γ2 |Xk,L|2 − γ2X∗k,LXk,U
− γ2X∗k,UXk,L i(ω − ωk,U )− γ2 |Xk,U |2
]
= 0
(D2)
For given ω, we numerically find a complex wavenum-
ber kp(ω) satisfying this equation by using analytical ex-
pressions of ωk,ζ and Xk,ζ . Then, using this kp(ω) and
np(ω) = ckp(ω)/ω, the reflection coefficient r(ω) is cal-
culated by Eq. (63).
As seen in Fig. 9, we get a clear discrepancy between
the absorption spectra by the MBCs and by the non-
Lindblad-type equation, while a larger discrepancy is ob-
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tained for the Lindblad-type equation and these discrep-
ancies are reduced for smaller broadening as in Fig. 9(b).
Although it is hard to catch correctly the reason of
this new discrepancy between the MBCs and the non-
Lindblad-type equation, it is rather natural because the
two approaches are apparently different, and the influ-
ences of the RWA to the SEC of the damping are of
course different in the two approaches. Since we did not
specify the mechanism of the damping, we cannot deter-
mine which spectrum is correct if the SEC Hamiltonian
of damping is really expressed such as in Eq. (6) or the
RWA to the SEC is justified by some reasons. However,
by looking the surprisingly good agreement of the spectra
by the MBCs and by the non-Lindblad-type equation in
Figs. 4 and 8, we should basically not apply the RWA to
the SEC and use the SEC Hamiltonian such as in Eq. (5)
for any SECs in the ultra-strong light-matter interaction
regime with a large broadening.
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